Abstract. We prove a rank inequality on the instanton knot homology and the Khovanov homology of a link in S 3 . The key step of the proof is to construct a spectral sequence relating Baldwin-LevineSarkar's pointed Khovanov homology to a singular instanton invariant for pointed links.
Introduction
The relationship between Khovanov homology and different Floer theories has been studied a lot since Ozsváth and Szabó discovered the first spectral sequence relating Khovanov homology to Floer homology [OS05] . In this paper we continue studying this topic using instanton Floer homology.
Given a link L in S 3 with m components, its Khovanov homology Kh(L) is equipped with a R m = Z[X 1 , X 2 , · · · , X m ]/(X 2 1 , X 2 2 , · · · , X 2 m ) module structure [Kho03, HN13] . Let X = (X 1 , · · · , X m ) ∈ R ⊕m m and K(X, Kh(L)) be the Koszul complex. We prove the following. Kh(H) ∼ = R 2 /(X 1 − X 2 ) ⊕ R 2 /(X 1 − X 2 )
Based on this it is easy to check that H(K(X, Kh(H))) = Z 8 . On the other hand dim KHI(H) = 4. So Theorem 1.1 is also sharp in this case.
In the situation that L is a knot (denote it by K now), Theorem 1.1 is closely related to Kronheimer and Mrowka's theorem [KM11] which says
Figure 1
where Kh(K) is the reduced Khovanov homology of K. In fact, Theorem 1.1 can be thought as a "non-reduced" version of (1.1). We also have a reduced version (Theorem 5.4) which is exactly Kronheimer-Mrowka's original theorem when L is a knot. The instanton knot homology KHI(K) is a very strong invariant of knots which is a complex vector space equipped with a (Alexander) Z-grading. Similar to its Heegaard Floer homology cousin, KHI(K) detects the knot genus and fibered knots [KM10b] . In particular it detects the unknot and the trefoil. Even if we forget the grading, the dimension of KHI(K) is still enough to detect the unknot [KM10b] and the trefoil [BS18] . Therefore (1.1) can be used to show that Khovanov homology detects the unknot [KM11] and the trefoil knots [BS18] .
Kronheimer and Mrowka's proof of (1.1) has two steps: firstly they defined an invariant I ♮ (L) using their singular instanton Floer theory, which is isomorphic to KHI(K) when L = K is a knot; then they constructed a spectral sequence relating Khovanov homology to I ♮ (L). The advantage of I ♮ (L) is that it satisfies the unoriented skein exactly triangle: given three links as in Figure 1 , there is a 3-cyclic long exact sequence
The spectral sequence is obtained by "iterating" this exact triangle. The disadvantage of I ♮ is that even though it is isomorphic to KHI for knots, the Alexander grading of KHI is lost under this isomorphism.
If L is not a knot, Kronheimer and Mrowka's spectral sequence still holds. But I ♮ (L) is not isomorphic to KHI(L) any more. In the definition of I ♮ (L), an earring (see Definition 3.1) is added at the base point of L and I ♮ is defined as the singular instanton Floer homology of the new link with the earring. We want to generalize Kronheimer-Mrowka's definition to obtain a singular instanton invariant which is isomorphic to KHI(L). Before that, we introduce the following definition from [BLS17] .
If we add an earring to each component of L, the singular instanton Floer homology of the resulting link turns out to be isomorphic to KHI(L). Recall that KHI(L) is defined as the sutured instanton Floer homology of the link complement with a pair of oppositely-oriented meridian sutures on each boundary torus. Motivated by this fact and the definition of Heegaard knot homology for pointed links in [BL12, BLS17] , we define the reduced singular instanton Floer homology I ♮ (L, p) by adding an earring to each marking point and taking the singular instanton Floer homology when p is not empty. If (L, p) is non-degenerate, we can take the link complement and add a pair of oppositely-oriented meridian sutures for each point in p, the sutured instanton Floer homology of the resulting sutured manifold is isomorphic to I ♮ (L, p) (see Proposition 5.2). Since we do not want to have any constraint on p, we define a nonreduced version I ♯ (L, p) by adding an unknot with an earring to the link used to defined I ♮ (L, p). Given a pointed link (L, p), its Khovanov homology
is defined in [BLS17] . We define a variant Kh ′ (L, p) by modifying the differential d p slightly. The modification is minor so that we still have
We prove that I ♯ is related to Kh ′ by a spectral sequence.
Theorem 1.4. Let (L, p) be a pointed link in S 3 andL be the mirror of L. Then there is a spectral sequence whose E 2 -page is Kh ′ (L, p) and which converges to I ♯ (L, p).
We also have a spectral sequence for the reduced case (Theorem 4.11). Theorem 1.1 is proved by using the above spectral sequence and some basic homological algebra.
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Singular instanton Floer homology
In this section we will give a brief review of the singular instanton Floer homology developed in [KM11] .
Given a link L in an oriented closed 3-manifold Y , the pair (Y, L) can be equipped with an an orbifold structure and an orbifold Riemannian metric such that the local stabilizer group H x is Z/2 if x ∈ L and trivial otherwise. Let u be a 1-cycle (a collection of arcs and circles) in Y such that the u meets L normally at ∂u = u ∩ L, then u determines an orbifold SO(3) bundleĚ on (Y, L) (i.e. the singular bundle data defined in [KM11, Section 4.2]). For x ∈ L, the the local stabilizer group H x acts on the SO(3) fiber non-trivially. It may happen thatĚ does not extend to all of Y as a topological bundle. But it always extends locally and there are two ways to extend it near each point p ∈ L. The choices of extensions give us a double cover L ∆ → L which has w 1 = [∂u] ∈ H 1 (L; Z/2). In particular,Ě extends globally if and only if [∂u] = 0 in H 1 (L; Z/2). The orbifold bundleĚ only depends on u on the homology level: suppose there is another 1-cycle v with
• The previous assumption implies that we can deform (u, ∂u),
. Then the orbifold bundles determined by u and v are isomorphic.
The asymptotic holonomy around L of an orbifold connection onĚ is an order 2 element in SO(3). Even thoughĚ does not necessarily extend, the gauge group G of determinant 1 gauge transformations always does. At a point p ∈ L, the gauge tranformations take values in a S 1 -subgroup of SU (2) which preserves the asymptotic holonomy of the orbifold connections. We use A to denote the space of orbifold connections onĚ (with a proper Sobolev completion) and the quotient B := A/G is the configuration space.
We say the triple (Y, L, u) is admissible if there is an embedded surface Σ ⊂ Y such that either
• Σ is disjoint from K and ω · Σ is odd; or • Σ intersects K transversally and Σ · K is odd. The 4-dimensional case is similar. Given a cobordism (W, Σ, h) between two admissible triples (Y 0 , L 0 , u 0 ) and (Y 1 , L 1 , u 1 ), we can equip (W, Σ) an orbifold structure and an orbifold bundle is determined by the 2-cycle h (an embedded surface with ∂h ⊂ Σ). Counting the number of points in the 0-dimensional moduli space of anti-self-dual connections on the orbifold bundle, we obtain a morphism
which is well-defined up to an overall sign ambiguity. As in the 3-dimensional case, the orbifold bundleĚ on (W, Σ) does not always extend and the choices of extensions at points in Σ give us a double cover Σ ∆ → Σ with w 1 = [∂h]. According to the discussion in [KM11, Section 4.2], in a neighborhood Nbh Σ (p) of a point p ∈ Σ \ h, the restriction of the double cover Σ ∆ is not only trivial but also trivialized. This means we have a preferred extension E ofĚ near p. We can decompose E p into the ±1 eigenspaces R and K p of the asymptotic holonomy of orbifold connections where K p is a 2-plane. Let N (Σ) p be the normal bundle of Σ at p. An choice of extension at p determines (and is determined by) an identification of det(N (Σ) p ) and det(K p ) (cf. [KM93, Section 2(iv)]). A different choice of the extension changes the identification by a sign. The surface Σ is possibly non-orientable, but we can always pick an orientation at p. After so N (Σ) p hence K p are also oriented.
Since the gauge group G preserves this decomposition and the orientation of K p , we can obtain a complex line bundle
There is an equivalent way to construct this line bundle. The framed gauge group G p ⊂ G consists of gauge transformations restricted to the identity at p. The associated complex line bundle of the principal S 1 -bundlẽ
is just K p . The moduli space obtained using the framed gauge group G p is called the framed moduli space which is framed at p. It is a S 1 -bundle over the unframed moduli space.
The line bundle K p is firstly considered in [Kro97] in the situation that Σ is oriented andĚ extends globally. We use σ p to denote e(K p ). It can be represented by a divisor V σ . Using this class, we can define another morphism
where M 2 (W, Σ, h; α, β) denotes the 2-dimensional moduli space with limiting connections α and β on the ends. If we change either the extension at p or the orientation of Σ at p, the class σ p will be changed by a sign. If the branched double cover π : Σ ∆ → Σ is non-trivial on the component of Σ containing p, then we can pick a loop passing through p whose lifting is an arc joining the two points in π −1 (p). Along this arc, the bundle K p is deformed into its dualK p , which implies
We use H to denote a Hopf link in S 3 and w to denote an arc joining the two components of H. Given a link L ⊂ S 3 , its instanton Floer homology is defined in [KM11] as
where I = [−1, 1]. In this way, I ♯ becomes a functor from the category of links with morphisms the link cobordisms to the category of abelian groups with morphisms the group homomorphisms modulo a sign. When S is an oriented cobordism between two oriented links, I
♯ (S) is well-defined without any sign ambiguity.
Given two links L 1 and
Moreover, this isomorphism is natural with respect to split cobordisms (i.e. disjoint union of two cobordisms).
Earrings and exact triangles
Definition 3.1. Let L be a link in S 3 and p ∈ L be a point. An earring of
Two resolutions of link L with earring m. The red arc represents the arc u.
Given a link L with an earring m at p ∈ L, we have a "local digram" for L ∪ m near p with two crossings as shown in Figure 2 . We can resolve the top crossing by 1-and 0-resolutions to obtain two new links L 1 and L 0 . Notice that the two new links are isotopic to the original link L without the earring. The two copies of arc u in L 1 and L 0 can be deformed into empty 1-cycles, so we have
Using Kronheimer-Mrowka's unoriented skein exact triangle [KM11, Section 6], we have a 3-cyclic exact sequence
. This cobordism can be obtained by attaching a band to the product cobordism (I ×L 1 , I ×u) along {1}×L 1 as shown in Figure 3 . Even though the arc u can be deformed into an empty arc on the two ends, the 2-cycle I × u represents non-trivial singular bundle data on the cobordism
The topology of S is not hard to understand. If we ignore the embedding, S is just the connected sum of I × L and RP 2 . Or equivalently, S can be obtained by removing a disk from the product cobordism I × L and then attaching a Möbius band. The restriction of I × u to S can be deformed into the core circle of the Möbius band.
The surface S is a product cobordism away from a neighborhood of I × {p}. We can untwist L 1 to make it locally into a straight line in R 2 = R 2 × {0}, which is depicted in Figure 3 . This means the cobordism S in N (I × {p}) can be described as attaching a right-handed half-twisted band to product cobordism I × I ⊂ I × R 3 along {1} × I. The above discussion Proposition 3.2. If S be the cobordism as above, then we have
where V is isotopic to the product cobordism I × L and the RP 2 is standardly embedded in S 4 with self-intersection −2. Moreover, the restriction of the 2-cycle I × u to RP 2 is non-trivial in H 1 (RP 2 ; Z/2).
We want to use a gluing argument to study
Before that, we need to know some facts on the minimal energy moduli space M (S 4 , RP 2 , η) where η ⊂ S 4 is a 2-cycle and ∂η ⊂ RP 2 is non-trivial in H 1 (RP 2 ; Z/2). This space has been studied in [KM11, Section 2.7]. It consists of the unique flat connection [B] on S 4 \ RP 2 with the holonomy around RP 2 to be an order 2 element in SO(3). As a reducible connection, the stabilizer Γ B is S 1 .
The index of the deformation complex of B is −3, which can be calculated with the help of the branched double cover of (S 4 , RP 2 ). The branched double cover of (S 4 , RP 2 ) with RP 2 · RP 2 = −2 is the complex projective plane CP 2 and the covering involution is the complex conjugation. The lifting of [B] to CP 2 is the trivial flat connection on the rank 3 trivial bundle R ⊕ C. We also assume CP 2 is equipped with the standard metric. The covering involution acts trivially on R and acts as −1 on C. The obstruction space H 2 B can be calculated as the invariant part of
is generated by the standard Kähler form ω, which satisfiesω = −ω. Therefore the invariant part of H 2 + (CP 2 ; R ⊕ C) consists of ω ⊗ s where s is an arbitrary constant section of C. Similarly, H 1 (CP 2 ; R ⊕ C) = 0 implies H 1 B = 0. Lemma 3.3. Let (S 4 , RP 2 , η) be given as above. Suppose (X, Σ, h) be an admissible cobordism and p is a point on Σ \ h. Then we have
where the connected sum is taken at p and a point q ∈ RP 2 \ η.
Proof. To simplify the notation in the discussion, we assume (X, Σ) is a closed pair so that we need to prove
where the left-hand-side is the Donaldson invariant obtained by counting points in the 0-dimensional moduli spaces and the right-hand-side is obtained by cutting down the 2-dimensional moduli spaces using V σ and counting points. We use M 2 (X, Σ, h) to denote the 2-dimensional moduli space. It is compact since there is no bubble for dimension reason. Let M 2 (X, Σ, h) be corresponding framed moduli space which is framed at p. There is an S 1 -action on M 2 (X, Σ, h) which makes it into a principal S 1 bundle over M 2 (X, Σ, h).
Since the minimal energy moduli space M (S 4 , RP 2 , η) consists of a single
is trivial. Here we use M (S 4 , RP 2 , η) to denote the moduli space framed at q. The S 1 -action comes from the quotient G/G q where G is the gauge group and G q is the framed gauge group. In particular, the S 1 acts on E q = R ⊕ C in the standard way: the action is trivial on R and standard on C. Combined with the description of the obstruction space H 2 B = C we know that S 1 acts on it in the standard way.
Dimension counting and gluing theory for obstructed cases (see [DK90, Proposition 9.3.13]) show that the 0-dimensional moduli space
is the zero set of a section of the complex line bundle
According to Section 2, this complex line bundle is exactly the bundle used to define σ p . So we have
A very similar result is discussed in [Kro97, Proposition 5.1]: using the pair (S 4 , T 2 ) (with trivial bundle on it) instead of (S 4 , RP 2 , η), Lemma 3.3 still holds. More precisely, we have
This time there is no plus-minus sign since the sign ambiguities on the two sides cancel with each other. Even though the situations are different, the minimal energy moduli spaces M (S 4 , RP 2 , η) and M (S 4 , T 2 ) share some common formal properties:
• They consist of the unique S 1 -reducible flat connection with deformation complex of index −3; • The elements in the obstruction space can be described as the tensor product of the unique anti-self-dual harmonic 2-form and a section of a trivial complex line bundle on the branched double cover. Indeed the proof of Lemma 3.3 can be carried over almost verbatim from the proof of [Kro97, Proposition 5.1] since only those formal properties play a role in the proof.
Given any admissible triple (Y, L, u) and pick a point p ∈ L \ u with an choice of orientation of L at p, there is an operator
where the connected sum is taken at (0, p) ∈ I × L. By (3.2), we have
Notice that the two σ p 's in the above equality represent different things: the first σ p is a map and the second σ p is a cohomology class in the configuration space. We abuse the notation essentially because of (3.3). Now by Proposition 3.2, Lemma 3.3 and (3.3), we have Proposition 3.4. The map f in (3.1) is equal to ±σ p .
Instanton Floer homology for pointed links
We use U k to denote the unlink with k components in S 3 . We fix a generator u 0 ∈ I(U 0 ) ∼ = Z where U 0 is the empty link. Let D ± be standard disks in I × S 3 which give oriented cobordisms from U 0 to U 1 and U 1 to U 0 respectively. Similarly, let Σ ± be standard punctured tori in I × S 3 which give oriented cobordisms from U 0 to U 1 and U 1 to U 0 respectively. 
We also have
In terms of those generators, the map induced by the pair of pants cobordism from U 2 to U 1 is given by
The map induced by the pair of pants cobordism from U 1 to U 2 is given by
If p is a point on U 1 , the cobordism used to define σ p can be described as attaching Σ + along a circle on the incoming end of a pair of pants cobordism. The functoriality of I ♯ and Proposition 4.1 imply σ p :
Another application of Proposition 4.1 is the following.
Proposition 4.2. Suppose L is an arbitrary link in S 3 and u is a 1-cycle in S 3 with ∂u ⊂ L. Take a point p ∈ L \ u. Then we have the operator
Proof. It follows from the equality
in Proposition 4.1 and the functoriality of I ♯ .
Definition 4.3. Given a pointed link (L, p) in S 3 , we add an earring (m i , u i ) at each mark point p i (1 ≤ i ≤ l). The unreduced instanton Floer homology of (L, p) is defined as
If p = ∅, the reduced instanton Floer homology of (L, p) is defined as
is a pointed link in S 3 and q ∈ L \ p. Similar to (3.1), we have a 3-cyclic exact sequence
By Proposition 4.2, the map σ q is zero if we use Z/2-coefficients. By induction, (4.2) implies the following.
Proposition 4.4. Suppose (L, p) is a pointed link in S 3 . The we have
If we also assume q lies in a component of L with odd marking points, then the orbifold bundle on (S 3 , L ∪ i m i ) does not extend on the this component. The discussion in Section 2 tells us that 2σ q = 0. If we use Z[1/2]-coefficients, then σ q = 0. On the other hand, σ q is always 0 in Z/2-coefficients. So we have Proposition 4.5. Suppose (L, p) is a pointed link in S 3 and q ∈ L \ q lies in a component of L with odd marking points. Let F be any field. Then we have
With a little bit more work, we can derive a stronger result.
Proposition 4.6. Suppose (L, p) is a pointed link in S 3 and q ∈ L \ q lies in a component of L with at least one marking points. Then we have σ q = 0 on I ♯ (L, p) and
We also have σ q = 0 on I ♮ (L, p) and
Proof. Let p 1 be a marking point on the component of L where we add q. Instead of adding one marking point q, we add two points q 1 and q 2 and suppose p 1 , q 1 , q 2 is consecutive on the component. Denote the earrings assigned to p i ∈ p by (m i , u i ) and the earrings assigned to q 1 , q 2 by (m
close to each other and take a tubular neighborhood N (m 1 ) which contains m 1 , m ′ 1 , m ′ 2 . Notice that the two 1-cycles u ′ 1 , u ′ 2 can be deformed into an arc u ′ 12 joining m ′ 1 and m ′ 2 . Consider another admissible triple (S 1 ×S 2 , K 1 ∪K 2 , v) where K 1 = S 1 ×{r 1 } and K s = S 1 ×{r 2 } are two vertical circles and v 12 is a small arc joining K 1 and K 2 . The representation variety of the triple (S 1 ×S 2 , K 1 ∪K 2 , v 12 ) consists of a single non-degenerate flat connection, hence its Floer homology is just Z.
Given two tori T 1 , T 2 in a three manifold Y , an excision of Y along T 1 , T 2 means we cut Y along T 1 and T 2 and re-glue using a diffeomorphism between T 1 and T 2 . Do excision to
along tori ∂N (m 1 ) and ∂N (K 1 ), we obtain another pair of admissible triples
where K i 's are vertical circles and v ij is an arc joining K i , K j . The excision theorem ([KM11, Theorem 5.6]) shows that this excision does not change the instanton Floer homology, which means
, we obtain two copies of (S 1 × S 2 , K 1 ∪ K 2 , v 12 ) and (S 1 × Σ 2 , v ′ ) where Σ 2 is a genus 2 surface and v ′ is a homologically non-trivial 1-cycle on a Σ 2 -slice. The excision theorem shows that
It is know that I( 
On the other hand, I ♯ (L, p ∪ {q 1 , q 2 }) can be obtained by applying the exact sequence (4.2) twice. Therefore we have σ q 1 = σ q 2 = 0 and
The proof for the I ♮ case is similar.
Suppose L is oriented and a diagram D with n crossings has been chosen. We also assume the marking points p are away from the crossings. 
we also have a non-trivial 2-cycle
on S vz as in Section 3. According to [KM11, Corollary 6.8], we have the following.
Proposition 4.7. There is a spectral sequence converging to I ♯ (L, p) whose E 1 -page is
and the differential is the sum of
with a proper choice of signs where vz (v ≥ z) is an edge of the cube {0, 1} N ′ .
If v| M = z| M , then S vz is an oriented cobordism and I ♯ (S vz ) is welldefined without any sign ambiguity. As addressed in Section 3, resolving the crossings from the earrings gives us the original link L. The resolution L ′ v is the same as L z| N . All the links L ′ v and cobordisms S vz can be oriented consistently so that
take a checkerboard coloring of the regions of the diagram D and orient L ′ v by the boundary orientation of the black region away from the smoothings.
If v, z differ at a crossing c ∈ M , then S vz is non-orientable (exactly the situation in Proposition 3.2) and I ♯ (S vz , h vz ) is only well-defined up to a sign. By Proposition 3.4,
We fix the sign of I ♯ (S vz , h vz ) by requiring the above equality holds without the plus-minus sign.
We also fix a complete order on the crossing set N ′ such that elements in M are greater than elements in N and the order on M coincides with the index-order for c i ∈ M . By [KM11, Corollary 6.8], the differential on the E 1 -page is the sum ofδ
Fix an element s ∈ {0, 1} M , we have a sub-n-cube cube(s) of the (n + l)-
of (4.5) is the same as (4.6)
According to [KM11, Section 8], (4.6) can be identified with the Khovanov complex CKh(L) of the mirror of L and the differential on it is
Collect all the maps in (4.7) for v| M = s, we obtain an anti-chain map
where each C s is a copy of the Khovanov chain complex CKh(L) and the differential is the sum of
where s ≥ s ′ and s, s ′ only differ at c i ∈ M . In [BLS17], Baldwin, Levine and Sarkar defined Khovanov homology for pointed links. It turns out that the E 1 -page (4.8) is isomorphic to the chain complex of a variant of their Khovanov homology for pointed links. Before proving this, we need to review their definition.
Let (L, p) be a pointed link as before. Let V := Z{v + , v − } be the free abelian group with two generators. For each v ∈ {0, 1} N , there is a component of the Khovanov chain complex CKh(L) defined by V ⊗|Lv| where |L v | denotes the number of components of L v . Since L v is merely a collection of circles in the plane, V ⊗|Lv| can be understood as assigning a copy of V to each circle in L v . Pick a marking point p i ∈ p. There is a unique circle in L v containing p. Defining a map
on the copy of V assigned to the circle containing p i and X p i is the identify map on other copies of V 's. In this way, we obtain a chain map
It is clear that X 2 p i = 0. The map induced by X p i on Kh(L) does not depend on the choice of diagram of L and only depend on the component of L where p i lies according to [Kho03] . Suppose L has m components, then Kh(L) is equipped with a (4.11)
Let Λ p be the exterior algebra generated by
with differential
We want to vary the definition slightly. We define a new differential by
But the two homologies could be different with Z or Z/2 coefficients.
Proof. We have an identification C s = CKh(L). Defines = 1 − s and |s| = c i ∈Ms (c i ). We define a map
It is clear F is a group isomorphism. Using (4.9), (4.1), (4.10) and (4.13), it is straightforward to verify that
is a chain map when l is even and is an anti-chain map when l is odd. When l is odd, F can be made into a chain map by composing with an anti-automorphism on CKh(L, p). Now we can obtain our main result.
Theorem 4.9. Let (L, p) be a pointed link in S 3 andL be the mirror of L. Then there is a spectral sequence whose E 2 -page is Kh ′ (L, p) and which converges to I ♯ (L, p).
Example 4.10. Let p be a point on the unknot U 1 . We have
The Floer homology I ♯ (U 1 , {p}) can be calculated using (4.2).
Let p 0 ∈ L \ p be a base point. It can be thought as a distinguished marking point in p ∪ {p 0 }. We can define the reduced Khovanov homology for pointed link (L, p) with base point p 0 in the following way. Instead of using the Khovanov chain complex CKh(L), we use the reduced Khovanov chain complex
whose equipped with differentials d p and d ′ p as in (4.12) and (4.13) with d Kh replaced by d Kh . Now we can define the reduced Khovanov homology (and its variant) of (L, p) by
Similar arguments as before give us the following. and Kh(L) to I ♮ (L) respectively. Suppose L has m components and the base point p 0 lies in the last component of L so that Kh(L, p 0 ) is equipped with a R m−1 module structure. Given any marking point p i , it determines a element X p i ∈ R m by the component of L it lies on. The point p i also determines an element in R m−1 by requiring X p i = 0 if p i lies on the m-th component.
There is a spectral sequence whose E 1 -page is the Koszul complex K(X, Kh(L)) and which converges to Kh(L, p). There is also a spectral sequence whose E 1 -page is the Koszul complex K(X ′ , Kh(L, p 0 )) and which converges to Kh(L, p, p 0 ).
It is clear the associated spectral sequences are the ones in the proposition.
If we only resolve crossings in M instead of resolving all the crossings in 
which is a l-dimensional cube with a copy of I ♯ (L) at each vertex and the differential is the sum of
with a proper choice of sign where vz is an edge of the cube such that v(c i ) − z(c i ) = 1.
Given a point p on L, the operator σ p on I ♯ (L) only depends on the component of L where it lies. Using Proposition 4.1 and the functoriality of I ♯ , it is easy to see that σ 2 p = 0. Suppose L has m components, then using σ p we can equip I ♯ (L) with a
m ) module structure. Using this module structure, the E 1 -page in Proposition 4.13 can be interpreted as a Koszul complex of the R ′ m -module I ♯ (L). We can embed R ′ m into the ring R m defined in (4.11) by (4.17)
So Kh(L) is also equipped with a R ′ m module structure. If we are working with Q-coefficients, the 2-factor in (4.17) does not cause any essential difference since R ′ m ⊗ Q = R m ⊗ Q. Now both Kh(L) and I ♯ (L) are equipped with R ′ m -module structures. We have the following result. 
Given (Y, L) as above, we pick marking points p = {p i } 1≤i≤l with exactly one point on each component of L. Even though we do not assume Y = S 3 , we can still add earrings (m i , u i ) at p as in Section 3. Now we assume (L, p) is non-degenerate. A sutured manifold (M L , γ p ) can be defined by requiring that M L is the link complement and γ p consists of a pair of oppositely-oriented meridian sutures for each point in p.
We define another pointed link ( L, p) with L = L ∪ U 1 and p = p ∪ {p 0 } where p 0 is a marking point on the unknot U 1 . There is also an associated sutured manifold (M L , γ p ) for ( L, p). The unreduced Heegaard knot Floer homology for (L, p) is defined as the sutured Heegaard Floer homology for (M L , γ p ) in [BLS17] . We can take the instanton Floer homology for this sutured manifold to obtain an invariant for (L, p). Pick a subset p ′ ⊂ p with exactly one point on each component of L and p ′ = p ′ ∪ {p 0 }. Now we have γ p and γ p ′ (γ p and γ p ′ ) differ by (|p| − |p ′ |) pairs of meridian sutures. According to [KM10, Section 3.1], whenever we add a pair of meridian sutures, the dimension of the instanton Floer homology is multiplied by 2. So we have where F is any field of characteristic p = 2.
Proof. Let Y 1 and Y 2 be two homology 3-spheres. Fukaya's connected sum theorem [Fuk96] relates the instanton Floer homologies I(Y 1 ; Z), I(Y 2 ; Z) to I(Y 1 #Y 2 ; Z) by a spectral sequence. An elaboration of Fukaya's theorem with Q-coefficients can be found in [Don02, Section 7.4]. Indeed Donaldson's proof works for any field F whose characteristic is not 2. The same problem is also studied in [Li94] . We want to apply Fukaya's theorem to the connected sum Even though this is not a connected sum of homology 3-spheres with empty links in Fukaya's setting, the same proof still works. Our situation is even easier because we are working in an admissible case so that reducible critical points of the Chern-Simons functional do not enter into the discussion.
From [Don02, Section 7.4], we have a spectral sequence which converges to I ♯ (L, p; F) and whose last possibly non-degenerate page is I ♮ (L, p; F) ⊗ I(S 3 , H, w; F)
